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Abstract. The present study was motivated by pilot research aimed to exa-
mine the aptness of the anti-fungal everyday activity in the hospital settings.
The number of uncovered fungi colonies per cubic meter of air was chosen here
as the crucial indicator of the quality. The empirical probability distribution
functions of this indicator at various hospital’s wards showed great variety of
their shapes. Nevertheless, from the practical point of view, preferably the com-
parisons between these functions should be expressed in terms of the mean
values. Therefore, here the practical problem arose: how to avoid inappropriate
choice of a nonparametric statistical test for equivalence of the mean values
given random data sets. In the present study, the review of the nonparametric
methods was limited to the most popular ones only: the Box-Cox transforma-
tion, the Mann-Whitney rank sum test, and the log-rank approach. The more
advanced formal considerations were omitted. The limitations of the Box-Cox
transformation and the Mann-Whitney rank sum test were explained with clear
examples based on the artificial samples. Practical criterions, helpful to avoid
common pitfalls and misunderstandings were recommended. The advantages
and the weaknesses of the log-rank approach were demonstrated basing on the
real-life data sets.
Introduction
Any statistical procedure was founded on a number of assumptions re-
garding not only formal features of the data under investigation, but also the
attributes of the anticipated area of application of the results of the statisti-
cal analysis. In the real world, the departures from these ideal assumptions
are unavoidable [1–3]. Thus, in applied research the practicality of the re-
sults has two faces. First, the all way of analyses should be correct from
a pure mathematical point of view, and then, from the practical perspec-
tive, the real meaning of the results should correspond with the anticipated
area of their use.
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The parametric procedures were constructed under common assump-
tion that the data samples were drawn from a normal distribution. For that
reason, if the empirical distribution of the data distinctly differs from ideal
normal distribution, then some nonparametric procedure is usually applied.
Unfortunately, many non-statisticians are wrongly convinced, that in such
a situation, the use of the most suitable nonparametric “ersatz” doesn’t
change the essence of the conclusions from the calculations [4–5]. For in-
stance, numerous non-statisticians wrongly believe that parametric Student
t-test, applied to the data after Box-Cox transformation, gives conclusion
regarding data before transformation. Many other non-statisticians accept
as true the imprecise supposition that the Mann-Whitney rank sum test
examines the relation between medians. On the other side, it is known that
the parametric procedures are fairly robust to the moderate departures from
normality [6], at least the obtained results need some moderate corrections
with regard to estimated skew and kurtosis coefficients [7]. In consequence,
other numerous non-statisticians, dealing with the reasonable number of
random data, do not take into account the use of any nonparametric proce-
dure. They wrongly believe that for any kind of distributions, the parametric
procedures at any circumstances generate reliable conclusions, at least with
regard to the relation between the mean values.
All above mistaken beliefs can lead to misinterpretation of the data un-
der examination, subsequently to wrong practical decisions, and as a final
result, to depreciation of the statistical methodology in the public opinion.
In the literature, the discussed potential causes of this undesirable pheno-
menon include:
(i) pressure ‘publish or perish’ on candidate researchers [8];
(ii) wishful thinking instead the critical one [9–10];
(iii) not-user-friendly style and confusing terminology applied in the stati-
stical textbooks, like the misleading idiom ‘distribution free’ frequently
used with regard to some nonparametric procedure [11–12];
(iv) numerous silent assumptions in the statistical instructions, that are
obvious for the statisticians, but rather hard to reveal for the others
[13–14].
Several fundamental changes in statistical training and practice are re-
commended in literature, with a general purpose of changing for the better
of this situation. It was suggested to make a greater emphasis on the phi-
losophy underlying the statistical methodology [15], with special focus on
a common-sense approach and on the possible pitfalls and misinterpreta-
tions [16–18]. The wide-ranging use of the exploratory data analysis is po-
stulated, first before starting the usual confirmatory data analysis, with the
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aim to reveal unexpected or misleading patterns in the data and to foster
hypothesis development and refinement, and then after this, with the aim
to help one interpret the obtained results [19]. Modern tools for the visual
exploration of large databases create an opportunity to discover the outliers
and clusters within the data [20] and to confirm the fit to supposed distri-
bution [21], avoiding the false impressions caused by inspection limited to
the traditional histograms only [22].
The present study corresponds in general with all the above cited ideas
concerning the desirable improvements in the current research practice, but
the sphere of interest was strictly limited here to a practical problem: how
to assess the aptness of anti-fungal everyday prevention. Consequently, the
rest of this paper was organized as follows. First, the problem how to assess
the quality of the everyday anti-fungal clinical practice is discussed. This
section can be omitted by person non interested in the clinical problems.
The review of the nonparametric methods started with the most popular
transformations aimed to diminish the influence of non-normality. The limi-
tation of the Box-Cox method was shown on the exemplary data, and some
other methods were briefly characterized on the base of literature. Then,
the Wilcoxon-Mann-Whitney rank-sum test was examined in aspect to the
question if the results of this test can be interpreted in terms of medians
and usual arithmetic means. In the next section, the descriptive statistics
for the motivating practical question was made in two tables including the
main characteristic of the 2 · (45 + 20) = 130 samples obtained in patients’
rooms at two hospital wards. Finally, the classical log-rank methodology
was applied in the study. More advanced permutation tests and stochastic
modelling procedures were only discussed as the possible subject for further
investigations.
How to assess the aptness of clinical everyday anti-fungal practice?
In clinical settings, the primary mode of acquiring a mould infection is
inhalation of room air polluted with fungal spore-loaded dust [23]. There-
fore, the concentration of the fungi in the air, that is the number of un-
covered fungi colonies per cubic meter of air, at various hospital wards was
commonly acknowledged as the crucial indicator of the quality of the overall
anti-fungal activity [24]. The appropriate isolation of patients from harmful
aerosols might be achieved only with combined use of several means [25].
Moreover, the final effectiveness of usual everyday antifungal activity must
be under permanent inspection with the aim to put into action routines,
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like wearing of filtering masks [26]. This is avery challenging problem, from
practical as well as theoretical point of view, because the anti-fungal acti-
vity represents only a component of the whole very complex system named
– good clinical practice. Therefore, there arises a great difficulty in de-
fining elements of the intervention. It may be impossible to single out which
particular parts are effective, since one component may not work without
another [27–28].
Therefore, in our best knowledge, the problem, how to utilize the
measurements of the fungi concentration at the given hospital with the
aim to improve the current system of the anti-fungal activity, up to now
haven’t any acknowledged practicable solution. The general idea of the
our solution to this problem is as follows. The anti-fungal practice, car-
ried out at each particular hospital, should be considered primarily at the
whole, as a complex intervention, observing the primum non nocere prin-
ciple [29–31]. Initially, it can be advantageous to consider the relatively
simple question: are the frequencies of departures of the concentration of
the fungi in the air over appropriate levels in the patients’ rooms at the
hospital under examination are at least as low as the frequencies in the ana-
logous wards at other good hospitals? After that, before starting with any
serious modifications, one should get the reliable answers to the two main
initial questions:
(i) are the mean values of the concentration of the fungi in the air in
various wards at the hospital under examination are at least as low as
that concentration measured with use of the comparable methodology
in the analogous wards at the other good hospitals?
(ii) are the mean values of the concentration of the fungi in the wards at
the hospital under examination decreased gradually from the maximal
value in the entry room to appropriate values inside, at the patients’
rooms?
In our investigations of the fungi concentration in the air at various
hospitals wards, it was proved that there wasn’t the significant correlation
between measurements made in adjacent moments in the sequences of morn-
ing-evening measurements. Therefore, the series of the measurements made
at the same place can be considered as random samples of the uncorrelated
data [32]. Nevertheless, there occurred two interacted difficulties: the under-
lying distributions are far from normal, so the use of the nonparametric
methodology should be considered; nonetheless, from the practical point of
view, the conclusions must refer to mean values (that is to the expected
values) directly, without any subsidiary substitution with some other at-
tribute, like median, geometric mean, harmonic mean, trimmed mean and
30
The practicality of any nonparametric statistical procedure should be...
so on. In our investigations data sets corresponded to the Weibull distribu-
tion. Therefore, the search for the most acceptable method can be limited to
the review of the parametric and nonparametric test for comparing means
of the Weibull populations [33]. Nevertheless it seems to be more appro-
priate not to ignore the most popular universal procedures, like Box-Cox
transformation and the Wilcoxon-Mann-Whitney rank-sum test.
Transformations aimed to diminish the influence of non-normality
The real-life samples examined in applied research fairly often showed
attributes atypical for a normal distribution, like coefficients of skewness
and kurtosis far from zero, outliers, heavy tails. Since the consequences of
non-normality for test statistics are difficult to investigate, many studies sug-
gested the use of transformation procedures developed for specific forms of
non-normality. The Box-Cox method was developed for distributions inter-
mediate between the normal and the log-normal distributions, with the aim
to restore normality of the data. The Box-Cox transformation was defined
with formulas (1), (2), (3).
Y = (XC − 1)/C; for C 6= 0; (1)
either
Y = ln(X); for C = 0; (2)
optimal(C) = C|optimal(J) (3)
were:
X – transformed variable before Box-Cox transformation;
Y – transformed variable after Box-Cox transformation;
C – power parameter;
J – criterion of optimality, assumed correspondingly to anticipated pa-
rametric procedure of the further analyses.
[Tab. 1] includes two examples. In the first example, the populations
numbered 1, 2, and 3 in [Tab. 1], had the same mean values of variable Y ,
equal to my = 0, but different variances Vy. In result, the mean values of
variable X in these populations occurred manifestly different, accordingly
to known formula (4). In the second example, the exemplary populations
numbered 4, 5, and 6 in the [Tab. 1], had the same mean values of variableX,
equal to mx = 1.65, but different variances Vy. In result, the mean values of
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variable Y in these populations occurred manifestly different, accordingly
to known formula (4).
ln(mx) = my + Vy/2 (4)
where:
mx – mean value of variable X with log-normal distribution;
my, Vy – mean value and variance of variable Y = ln(X) with normal
distribution.
Tab. 1. Relationship between mean values of random variable X with log-
normal distribution and variable Y = ln(X) in some exemplary
populations
population 1 2 3 4 5 6
my = ln(Mex) 0 0 0 – 0.5 0 0.25
Vy 0.5 1 2 2 1 0.5
mx 1.28 1.65 2.72 1.65 1.65 1.65
mx, Mex – mean value and median of variable X with log-normal distribution;
my, Vy – mean value and variance of variable Y = ln(X) with normal distribution.
It is easy to notice, directly from definition of the log-normal distri-
bution [34], that if the variable X in formula (2) has the ideal log-normal
distribution, then the variable Y after Box-Cox transformation obtains the
ideal normal distribution. Therefore, without any doubts any parametric
procedure may be applied to examine mean values of the variable Y among
some populations under examination. Moreover, usually there aren’t any
serious doubts that the ANOVA parametric procedure can be applied with
respect to mean values of the variable Y in random samples drawn from
exemplary populations numbered 1, 2, and 3 in [Tab. 1], because ANOVA is
fairly robust to moderate heteroscedasticity [6], so use of any known counter-
part to ANOVA [35–37], will be to no purpose here. The question is, if the
proved relationship between mean values of the variable Y = ln(X) may be
adopted to the actually interested relationship between mean values of the
variable X, X > 0.
The criterions for the appropriate use of the Box-Cox method can be
easily deduced from the examples considered in [Tab. 1]. It was demon-
strated that the normality of the variable after Box-Cox transformation
doesn’t give sufficient reason to make an inference about mean values of this
variable before Box-Cox transformation, basing on the relationship among
mean values of this variable after Box-Cox transformation, as proved with
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some parametric test. Thus, except for the normality, the homogeneity of
the variances of the variable after Box-Cox transformation must be proved
too. If the request of the homogeneity isn’t fulfilled than the conclusions re-
late to some other averages, e.g. to the geometric mean for transformation
Y = ln(X), but not to usual arithmetic mean values. Guo and Luh [38–39],
discussed several other transformation, more suitable for non-normal distri-
butions that are affected by heavy tails or outliers. There also the results of
a parametric procedure applied correctly to the transformed samples, can
be related to some special averages of the variable before transformation,
but generally not to the usual arithmetic mean values.
The general conclusion from the above review can be summarised as
follows. It can be very advantageous to apply a transformation approach
dealing with unusual distributions at pilot studies and exploratory data
analyses, because it is a quick and easily computable method. However, it
should be implemented with great caution.
Wilcoxon-Mann-Whitney rank-sum test
Wilcoxon-Mann-Whitney rank-sum test, or shortly, Mann-Whitney
test, pertains to some statistical comparison of two separate populations
given two independent random samples, but it is usually thought as the
most reliable nonparametric alternative for 2-sample Student t-test in situ-
ations where the data appear to arise from non-normal distributions. For
this reason, it is easily available at almost all popular statistical packages.
The concise introduction to this test with very intuitive graphics one can
find in [40].
Let X = x denotes a single random number drawn from the first po-
pulation, and Y = y denotes a single random number drawn independently
from the other separate population. The Mann-Whitney test has been per-
formed as the non-parametric alternative to the parametric Student t-test,
but in essence it examines the null hypothesis (5).
H0: Pr(x < y) = Pr(x > 0) (5)
under restriction:
Pr(x = y) = 0 (6)
where random variables X and Y are both measured at least on an ordinal
scale.
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Therefore, many non-statisticians are wrongly convinced that for any
distributions of variables X and Y the null hypothesis (5) is perfectly equi-
ponderant with the null hypothesis (7) on equivalence of the medians of
these variables, and consequently, that the null hypothesis (5) is perfectly
equiponderant with the null hypothesis (8) on equivalence of the mean values
of these variables, at least for the symmetrical (non-skewed) distributions.
H ′
0
: Mex = Mey (7)
H ′′
0
: mx = my (8)
with silent (wrong) justification: because hypothesis (5) holds Pr(x < y) =
Pr(x > 0);
where mx, Mex, my, Mey – mean values and medians of variables X, Y
respectively.
Both of the above convictions are generally wrong, and in practice often
lead either to disadvantageous decisions or at best to absurd conclusions in
a particular matter under study. The last statement can be easily supported
by a simple example shown in [Tab. 2]. In this table the three exemplary
cases were constructed in such a way that the restriction (6) was satisfied
in each case. Then, the symmetrical distribution of the variable X, and the
shape of the symmetrical distribution of the variable Y , both remain the
same at all three exemplary cases, but the distribution of Y is shifted to
right in case 2, and is shifted to left in case 3. Therefore, the medians of
these distributions, initially the same in case 1, are manifestly different from
the others, as well in case 2 as in case 3. In other words, the hypotheses (7)
and (8) are fulfilled in case 1 only, but they are manifestly violated in the
both two remaining cases. Nevertheless, it is easy to notice that in all three
cases the hypothesis (5) is evidently satisfied, because probabilities Pr(x <
y) = Pr(x > 0) = 1
2
didn’t change from case to case.
Tab. 2. Mann-Whitney test for some exemplary pair of the symmetrical
distributions
case shift f(X) > 0 mx = Mex f(Y ) > 0 my = Mey pMW
1 0 −1 < X < +1 0 Y < −2 · 106 or Y > +2 · 106 0 0.5
2 +106 −1 < X < +1 0 Y < −1 · 106 or Y > +3 · 106 +106 0.5
3 −106 −1 < X < +1 0 Y < −3 · 106 or Y > +1 · 106 −106 0.5
f(X), f(Y ) – density of symmetrical distribution of the variable X and Y respectively;
mx, Mex, my, Mey – mean values and medians of variables X, Y respectively;
pMW – ideal (expected) value of the significance of the Mann-Whitney rank-sum test.
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Let us consider a somewhat more down-to-earth situation of drawing
samples from the unknown distributions assumed in the above [Tab. 2].
For instance, let X and Y be an anticipated incomes, expressed in $, from
two kind of businesses. It is easy to notice that in each case in [Tab. 2]
the probability Pr(y < min(x)) = Pr(y > max(x)) = 1
2
. Therefore, if the N
random values of the variable Y is drawn independently one from other, then
the probability that exactly N/2 values of Y will occur beyond min(x) = −1,
equal to probability that exactly N/2 values of Y will occur over max(x) =
+1, will depend only from N , and for instance, for the moderate dimension
of a sample, N = 64, in average only on one occasion in the 20 experiments
the sample will not divided into two exactly the same parts, first one of
N/2 = 32 x’s beyond min(x) = −1, and second one of N/2 = 32 x’s over
max(x) = +1. If the random sample of x’s has there a dimension also equal
to N = 32, then the sums of the ranks of the y’s and x’s occur the same,
equal to 32 · (1 + 128) = 32 · (33 + 96) = 4.128 as well for variable Y
as for variable X. A ‘näıve’ researcher, believing without any doubts that
Mann-Whitney test can be directly related to medians, at almost each time
will find a reason for an interpretation that an expected balance equal to
zero dollars doesn’t differ significantly from an expected income equal to
million dollars (case 2 in [Tab. 2]), or that it doesn’t differ significantly
from an expected loss equal to million dollars (case 3 in [Tab. 2]).
The exemplary distributions of Y , in each case considered in [Tab. 2],
are divided into two parts, with a gap of density f(Y ) = 0 between them. It
should be noted that a quite similar manifestation of the relations between
hypotheses (5), (7), and (8), can be modelled without this gap, also with
distribution with a single mode, under restrictions that ratio f(Y )/f(X)
has a pattern either low-high-low or high-low-high, so it isn’t an example
for the Simpson’s paradox [41].
The general conclusion from the above considerations can be sum-
marised as follows. The Mann-Whitney test can be applied without any
hesitation to practical problems that can be expressed in terms of the hy-
pothesis (5), without any serious focus on the medians or on the usual
arithmetic means. If the problem under study must be related at least to
medians, like hypothesis (7), then the ratio f(Y )/f(X) should be proved
with respect to its monotonicity. If the problem under study must be re-
lated to the usual arithmetic means, then additionally both distributions,
the f(Y ) and the f(X) should be sincerely symmetrical. As to the last case,
it is known, that for symmetrical non-normal distributions, the differences
in the power between Student t test and Mann-Witney rank-sum test are
so small that the choice is immaterial for practical purposes [42–43].
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Motivating example
[Tab. 3] showed the descriptive statistics of the concentration of fungi
in the air in patients’ rooms at two hospital wards under study, as measured
in the morning and in the evening during five consecutive winter days. It
is easy to notice the evident departure from normality, with a mean values
rather far from the medians, and relative great coefficients as well as for skew
as for kurtosis. Therefore, the parametric tests, like ANOVA and Student
t-test, seem to be inappropriate here. From practical reasons, the results of
comparisons should be related to usual arithmetic means. Thus, the most
popular counterparts, like transformations and Mann-Whitney rank-sum
test, also seems to be quite inappropriate to apply in the matter.
In such a case, the simulation approach seems to be most suit-
able [44–45], in particular with respect to easy available on-line calcula-
tors [46–47]. On the other hand, in this study the log-rank plots supported
supposition that the distribution ofconcentration of the fungi are consistent
with Weibull distribution, see [Tab. 4]. Consequently, with the aim to make
comparisons between average concentrations of fungi at the different times
and sites, the log-rank approach was applied.
Tab. 3. Descriptive statistics of the concentration of fungi in air in the patient’s
bedrooms during five consecutive days
ID ward time N mean SD median min. max skew kurtosis
1 HP morning 45 35.3 47.9 15 0 195 1.78 2.72
2 HP evening 45 25.0 48.8 0 0 235 2.79 8.26
3 BO morning 20 73.5 320.5 0 0 1435 4.47 20.00
4 BO evening 20 17.0 73.7 0 0 330 4.47 20.00
The Weibull distribution is a continuous probability distribution. The
probability function F (X) of a three parameter Weibull random variable X
is given with the formula (9), where X0 is the shift parameter, A is the scale
parameter, and B is the shape parameter.
F (X) = 1 − exp(−((X − X0)/A)
B); X ≥ X0; A > 0; B > 0. (9)
It is easy to notice that for the B = 1 the equation (9) represents the
exponential distribution of random variable X with the mean value equal
to the sum of the shift and the scale parameters, equal to X0 + A. More-
over, for the B = 1 the log-rank transformation of the X leads to the linear
regression between the F (X) and the log-rank of X, given random sample
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of Xs. It seems, that on the explanatory analyses stage [19], it can be quite
enough to put all trust on the log-rank probability plots methodology [21],
avoiding the false impressions caused by inspection limited to the traditional
histograms only [2, 22].
Tab. 4. The log-rank plots for concentration of the fungi in the patients
bedrooms
ID Ward N Log-rank equation R2
1 HP 90 Log-rank = 16.58NC + 32.824 0.992
2 BO 40 Log-rank = 1.510NC + 34.508 0.838
2 BO 40 Log-rank = −0.67N2C + 4.19NC + 33.16 0.978
Nc – cumulativenumber of cases, related to successive log-rank of concentration
of fungi;
R2 – coefficient of determination of the estimated log-rank equation.
The log-rank test compares area under curve (AUC) under estimates of
the hazard functions for two or more groups along with all diapason from
the first to the last observed event [48]. For the Weibull distribution, defined
with formula (9), the hazard function is defined with formula (10).
h(x) = f(X)/(1 − F (X)) = (B/A) · ((X − X0)/A)
B−1 (10)
where: X0 is the shift parameter, A is the scale parameter, and B is the
shape parameter.
For the shape parameter equal to B = 1 the hazard function is stable
and it is equal to reciprocal of a mean value, so the log-rang test can be con-
sidered as an exact alternative for other statistical tests applied for testing
equality of the mean values [33].
Results obtained with the log-rank test
The log-rank test for differences between morning and evening concen-
tration separately at the each wards under study, showed that both diffe-
rences were insignificant here, p = 0.26 for the HP ward, and p = 0.68 for
the BO ward. Therefore, it was decided to join the morning and evening
data.
[Tab. 5] showed the significance equal to p(chi2) = 0.05; that is just
on the borderline. This undecided result of the long-rank test correspond-
ed to the result of comparing the frequencies of the departures over norm
50 CFU/m3 for fungi concentration in patients’ rooms, see [Tab. 6].
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Tab. 5. The log-rank test for difference between mean concentration
of the fungi
frequency HP BO p(chi2)
observed 90 40 0.05
expected 99.6 30.4
Tab. 6. Frequency of departures over norm for fungi concentration
ward time N N | < 50 N | > 50 %| > 50 95%CI
HP morning 45 34 11 24.4% 14.2% 38.9%
HP evening 45 38 7 15.6% 7.5% 29.2%
BO morning 20 19 1 5.0% 0.0% 25.7%
BO evening 20 19 1 5.0% 0.0% 25.7%
N | > 50; %| > 50 – number (percentage) of departures over norm in total number
of N events;
95%CI – confidence interval for %| > 50.
Conclusions and discussion
In this study the highly skewed data from the pilot study on concen-
tration of the fungi in the hospital wards create basis to illustrate the way
for searching after appropriate nonparametric statistical procedure aimed
to make comparisons between mean values. In general, the thesis that the
usefulness of any nonparametric statistical procedures should be confirmed
thoroughly with regard to the data distribution, was confirmed with the
use of the extremely simple, but clear examples of the inappropriate under-
standing the aftermaths of the Box-Cox transformation to normality, and
then the essence of Mann-Whitney rank-sum test. The log-rank approach
was examined using the real-life data sets, obtained at two chosen hospitals.
It was demonstrated, once again, that the Box-Cox transformation method
can lead to erroneous conclusion even with respect to ideal log-normal popu-
lations. Then, it was demonstrated, also once again, that the results of the
Mann-Whitney rank-sum test often doesn’t correspond to relations neither
between medians nor between means. The practical criterions, helpful to
recognize the situations allowing to conclude on relations between mean
values, were recommended. The real-life data sets, obtained at two chosen
hospitals, corresponded to the Weibull distribution. Therefore, the log-rank
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approach was the primary candidate for the most acceptable method in the
matter. For the shape parameter near to B = 1 the conclusions from the
log-rank test are valid directly to relation between the mean values in the
populations under investigation. Moreover, the log-rank plots and log-rank
test applied together may provide a deeper insight into essentials of the
investigated relationship, than the simple comparisons of the mean values
only. For this reasons, the log-rang plots and the log-rank test applied joint-
ly, seem to be quite sufficient to provide trustworthy conclusions about the
aptness of the anti-fungal everyday activity in the hospital settings. Thus,
the search for the most acceptable method of statistical analysis was shut
in this pilot study on the log-rank approach. In case of need, other metho-
dology should be applied with the aim to disclose the causes of the detected
insufficiency of the anti-fungal practice, but it lies beyond the scope of this
paper.
The present study, as each pilot study, has its typical limitations. Only
two hospital wards, and the moderate number of data, N = 2 · (45 + 20) =
130, were investigated. Nevertheless, with regard to planning further in-
vestigations, this pilot study gave rather decisive support to estimate the
sufficient number of the data at each ward under study, near to these applied
here, between N = 2 · 20 = 40 and N = 2 · 45 = 90.
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